This work presents a homogenization-based constitutive model for the mechanical behavior of elastomers reinforced with aligned cylindrical fibers subjected to finite deformations. The proposed model is derived by making use of the second-order homogenization method [Lopez-Pamies, O., Ponte Castañ eda, P., 2006a. On the overall behavior, microstructure evolution, and macroscopic stability in reinforced rubbers at large deformations: I-theory. J. Mech. Phys. Solids 54, 807-830], which is based on suitably designed variational principles utilizing the idea of a ''linear comparison composite.'' Specific results are generated for the case when the matrix and fiber materials are characterized by generalized NeoHookean solids, and the distribution of fibers is periodic. In particular, model predictions are provided and analyzed for fiber-reinforced elastomers with Gent phases and square and hexagonal fiber distributions, subjected to a wide variety of three-dimensional loading conditions. It is found that for compressive loadings in the fiber direction, the derived constitutive model may lose strong ellipticity, indicating the possible development of macroscopic instabilities that may lead to kink band formation. The onset of shear band-type instabilities is also detected for certain in-plane modes of deformation. Furthermore, the subtle influence of the distribution, volume fraction, and stiffness of the fibers on the effective behavior and onset of macroscopic instabilities in these materials is investigated thoroughly.
Introduction
The use of fiber-reinforced polymer matrix composites in engineering applications has steadily increased over the past several decades, primarily because of the high stiffness and strength-to-weight ratio, as well as the excellent fatigue and creep resistance over a broad range of temperatures, of these materials when compared to more conventional structural materials. In addition, fiber-reinforced-type morphologies appear 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 naturally in a number of other soft matter systems of increasing interest. An interesting example of such systems is that of thermoplastic elastomers in which the ''hard'' glassy phase self-assembles at a nanometer scale into aligned cylindrical fibers distributed periodically-in a hexagonal arrangement-in the ''soft'' rubbery phase (Honeker and Thomas, 1996; Honeker et al., 2000) . Soft biological tissues such as arterial walls (Finlay et al., 1998) , ligaments (Quapp and Weiss, 1998) , and the annulus fibrosus of the human intervertebral disc (Skaggs et al., 1994) , constitute additional examples of fiber-reinforced composites. Given that more often than not, fiber-reinforced ''soft'' materials-such as the ones mentioned above-are subjected to finite deformations, it is of practical interest to develop constitutive models for their mechanical behavior under such loading conditions. Beyond accounting for finite deformations, it is also desirable that these models incorporate full dependence on the constitutive behavior of the constituents (i.e., the matrix phase and the fibers), as well as on their spatial arrangement (i.e., the microstructure). In this work, we will focus on hyperelastic matrix and fiber phases. In addition, we will restrict attention to microgeometries with a single family of aligned fibers which are taken to be initially circular in cross section and periodically distributed in the undeformed configuration. The primary applications of models based on these (constitutive and geometric) hypotheses are the aforementioned class of thermoplastic elastomers, as well as tires.
There is a voluminous literature on phenomenological constitutive models for fibre-reinforced hyperelastic materials. In a pioneering contribution, Spencer (Spencer, 1972) idealized fibers as inextensible material line elements to develop a simple theory for incompressible fiber-reinforced materials that permitted the analytical treatment of numerous boundary value problems. Other (less idealized) phenomenological models are based on the idea of augmenting existing isotropic stored-energy functions with additional terms-which depend on the invariants associated with the fiber direction (Spencer, 1984) -that penalize deformation in a particular direction (see, e.g., Triantafyllidis and Abeyaratne, 1983; Qiu and Pence, 1997; Merodio and Ogden, 2005; Horgan and Saccomandi, 2005) . The main appeal of these phenomenological models is that they are simple. In addition, they can be ''calibrated'' to become macroscopically unstable-via loss of strong ellipticity-for loading conditions where such instabilities are expected to occur from physical experience (see, e.g., Triantafyllidis and Abeyaratne, 1983; Merodio and Pence, 2001a,b; Merodio and Ogden, 2003) . In spite of these desirable features, the predictive capabilities of phenomenological models for the general response of actual fiber-reinforced elastomers remain limited. Following a micromechanics approach, Guo et al. (2006) have recently proposed a hyperelastic model with incompressible Neo-Hookean matrix phases. In terms of homogenization-based methods, in addition to the microstructure-independent Voigt-type (Ogden, 1978) and Reusstype (Ponte Castañ eda, 1989) bounds, there are the estimates of Ponte Castañ eda and Tiberio (2000) and Lahellec et al. (2004) , which have the distinguishing feature of incorporating higher-order statistical information about the initial microstructure such as the fiber shape and distribution. More recently, deBotton et al. (2006) have derived an estimate for fiber-reinforced elastomers with incompressible Neo-Hookean phases and the special composite cylinder assemblage microstructure of Hashin (1962) . One of the strengths of the model of deBotton et al. (2006) is that it is exact for axisymmetric and out-of-plane simple shear loading conditions. In passing, it should be mentioned that constitutive models for hyperelastic solids with orthotropic material symmetry have also been developed (Bischoff et al., 2002 ) from a statistical mechanics approach.
In this work, we will make use of the second-order homogenization theory-originally developed by Ponte Castañ eda (2002) for viscoplastic materials, and extended recently for general hyperelastic composites by Lopez-Pamies and Ponte Castañ eda (2006a)-to derive a constitutive model for the mechanical behavior of periodic fiber-reinforced elastomers. This technique has the capability to account for statistical information about the initial microstructure beyond the volume fraction, as well as for its evolution, which results from the finite changes in geometry that are induced by the applied finite deformations. This point is crucial as the evolution of the microstructure can have a significant geometric softening-or stiffening-effect on the overall response of the material, which, in turn, may lead to the possible development of macroscopic instabilities. The second-order homogenization theory has already been employed to generate constitutive models for particle-reinforced rubbers with random microstructures (Lopez-Pamies and Ponte Castañ eda, 2006b), and for porous elastomers with random (Lopez-Pamies and Ponte Castañ eda, 2004, in press-b) and periodic (Michel et al., in press) microstructures. These models have been shown to be in good agreement with corresponding exact and numerical results available from the literature for special loading conditions. More remarkably, they have been shown to predict the development of macroscopic instabilities for more general conditions where such instabilities are expected to occur from physical experience, sometimes with great accuracy, as comparisons with F.E.M. solutions have demonstrated (Michel et al., in press ). These encouraging results for such a variety of material systems strongly suggest that the second-order theory should also be able to deliver accurate estimates for the effective behavior, as well as for the onset of macroscopic instabilities, of the class of fiber-reinforced elastomers of interest in this work.
Preliminaries on periodic, fiber-reinforced, hyperelastic materials
Consider a material made up of aligned cylindrical fibers, which are distributed periodically in an elastomeric matrix phase. A specimen of this material is assumed to occupy a volume X 0 , with boundary oX 0 , in the undeformed configuration and to be such that the characteristic length-scale of the inhomogeneities (i.e., the average diameter of the fibers) is much smaller than the size of the specimen and the scale of variation of the applied loading.
Material points in the specimen are identified by their initial position vector X in the reference configuration X 0 , while the current position of the same point is denoted by x in the deformed configuration X. The deformation gradient tensor F at X, a quantity that measures the deformation in the neighborhood of X, is defined as:
The constitutive behavior of the matrix and fibers is assumed to be purely elastic and characterized, respectively, by the stored-energy functions W (1) and W
, which are taken to be non-convex functions of the deformation gradient tensor F, so that the local energy function of the composite may be written as: 
Here, the characteristic functions v ðrÞ 0 (r = 1, 2), equal to 1 if the position vector X is inside phase r (i.e., X 2 X ðrÞ 0 ) and zero otherwise, describe the distribution of the phases (i.e., the microstructure) in the reference configuration. By exploiting the assumed periodicity of the microstructure, the fiber-reinforced elastomer can be thought of as the result of periodic repetition along each Cartesian coordinate direction e i (i = 1, 2, 3) of a fundamental building block D 0 -termed the unit cell. Taking D 0 to be a parallelepiped of dimension L i along the direction e i , the initial distribution of the phases can thus be characterized (without loss of generality) by D 0 -periodic characteristic functions:
where z 1 , z 2 , z 3 are arbitrary integers. The usual (physically based) properties are assumed for the stored-energy functions of the phases. More specifically, the W (r) (r = 1, 2) are assumed to satisfy material frame indifference, namely, W (r) (QF) = W (r) (F) for all proper orthogonal tensors Q and arbitrary deformation gradient F, so that W (r) (F) = W (r) (U), where U is the right stretch tensor in the polar decomposition F = RU, and R denotes the rotation tensor. Further, to try to ensure material impenetrability, it is assumed that W (r) ! 1 as det F ! 0+. In the Lagrangian description, the local or microscopic constitutive relation for the composite is then given by:
where S denotes the first Piola-Kirchhoff stress tensor, and sufficient smoothness has been assumed for W on F.
Under the above-mentioned separation of length-scales hypothesis, the effective stored-energy functionW of the fiber-reinforced elastomer is defined by (Hill, 1972) : 
where K denotes the set of kinematically admissible deformation gradients:
In the above expressions, the triangular brackets hAEi and hAEi (r) denote, respectively, volume averages-in the undeformed configuration-over the specimen (X 0 ) and over phase r (X ðrÞ 0 ), so that the scalars c ð1Þ 0 and c ð2Þ 0 denote the initial volume fractions of the matrix and the fibers, respectively, in the undeformed configuration. Note also thatW represents the average elastic energy stored in the fiber-reinforced elastomer when subjected to an affine displacement boundary condition that is consistent with hFi ¼ F. Moreover, from the definition (5) and the objectivity of W
(1) and W (2) , it can be shown thatW is objective, so thatW ðFÞ ¼W ðUÞ, where U is the macroscopic right stretch tensor in the polar decomposition of the macroscopic deformation gradient F ¼ R U, with R denoting the macroscopic rotation tensor. (Note that U 6 ¼ hUi and R 6 ¼ hRi.) It follows from the above formulation that the global or macroscopic constitutive relation for the composite is then given by:
where S ¼ hSi is the average stress in the fiber-reinforced elastomer. For hyperelastic composites with periodic microstructures, the variational problem (5) can be rewritten more explicitly (see Braides, 1985 and Mü ller, 1987) as follows:
where Z 3 denotes the set of all three-dimensional vectors k = (k 1 , k 2 , k 3 ) with integer components k 1 , k 2 , k 3 , and kD 0# denotes the set of all kD 0 -periodic fluctuation functions
(Note that in terms of the deformation field x, the fluctuation field is given by u 0 ¼ x À FX, since hFi ¼ F.) The infimum over all possible combinations of unit cells in (8) reveals explicitly the genuine character of non-convex local storedenergy functions W. Indeed, in this case, it is not sufficient to consider one-cell periodic solutions, as solutions involving interactions among several unit cells may lead to lower overall energies. Physically, this corresponds to accounting for the possible development of instabilities in the composite at sufficiently large deformations.
It is plain from (8) that the computation ofW is a practically impossible task, in view of the infinity of the domain of definition (i.e., kD 0 with k 2 Z 3 ). For this reason, in this work, we adopt a more pragmatic approach. First, we note that by assuming-for consistency with the classical theory of linear elasticity-that
lin e þ oðe 3 Þ (r = 1,2) as F ! I, where e denotes the infinitesimal strain tensor and L ðrÞ lin (r = 1, 2) are positive-definite, constant, fourth-order tensors, it is expected (except for very special cases) that in the neighborhood of F ¼ I, the solution of the Euler-Lagrange equations associated with the variational problem (8) is unique, and gives the minimum energy. Furthermore, in the neighborhood of F ¼ I, the infimum in (8) is expected to be attained for k = (1, 1, 1), so that the one-cell minimization fluctuation field u 0 is also the minimization fluctuation field for any super-cell kD 0 (Müller, 1987) . In short, for small enough deformations, W ðFÞ ¼Ŵ ðFÞ, wherê W ðFÞ ¼ min
is the one-cell effective stored-energy function of the composite. In this last expression, D 0# denotes the set of all
By definition, it is clear thatŴ ðFÞ ¼W ðFÞ from F ¼ I all the way up to the onset of the first instability, beyond whichŴ ðFÞ PW ðFÞ. When this first instability happens to be of infinite long wavelength (i.e., macroscopic), Geymonat et al. (1993) -following the work of Triantafyllidis and Maker (1985) -have shown rigorously that the development of such an instability can be computed directly from the loss of strong ellipticity ofŴ . In this regard, it should also be mentioned that the loss of strong ellipticity ofŴ defines a ''failure surface'' that bounds all other types of instabilities in the solid (Triantafyllidis and Bardenhagen, 1996) . Finally, and perhaps more importantly, it should be remarked that the computation ofŴ -as opposed to that ofW -is tractable, as it amounts to solving a unit cell problem. Thus, in this work, we will not attempt to solve the variational problem (8), but instead, we will estimate the 1 That is, functions satisfying u
effective behavior-as well as the onset of macroscopic instabilities-of fiber-reinforced elastomers by means of the one-cell effective stored-energy function (9). We conclude this section by spelling out the condition of strong ellipticity for the effective stored-energy function (9), which will be used in the sequel to detect the development of macroscopic instabilities in fiber-reinforced elastomers. Thus, the homogenized fiber-reinforced elastomer characterized byŴ is said to be strongly elliptic if and only if 2 BðFÞ ¼ min
2 is the effective incremental elastic modulus characterizing the overall incremental response of the fiber-reinforced elastomer. Note that loss of strong ellipticity, as detected from failure of condition (10), provides the critical deformation gradients, F crit , at which the homogenized material becomes macroscopically unstable, as well as the pairs of unit vectors N and m for which these macroscopic instabilities occur. In particular, N denotes the normal (in the undeformed configuration) to the surface of a weak or strong discontinuity of the deformation field, whereas m characterizes the type of deformation associated with such a discontinuity (see, e.g., Knowles and Sternberg, 1975) . For later use, it is also helpful to recall that the unit normal n to the surface of discontinuity in the deformed configuration is given by n ¼ jjF , Ogden, 1984) .
3. Second-order estimates for periodic, fiber-reinforced, hyperelastic materials Following the above framework, the main purpose of the present work is to generate an estimate for the effective stored-energy function (9) for fiber-reinforced elastomers consisting of a periodic distribution of monodisperse, initially circular, aligned cylindrical fibers in an isotropic, elastomeric matrix phase. A second objective is to provide estimates for the onset of macroscopic instabilities in these materials. This is accomplished here by means of the second-order homogenization method (Lopez-Pamies and Ponte Castañ eda, 2006a). This method, which, as already stated, can be applied to large classes of hyperelastic composites, makes use of suitably designed variational principles utilizing the idea of a ''linear comparison composite'' (LCC) with the same microstructure as the original nonlinear composite (i.e., the same v 
is a second-order tensor that will also be specified subsequently. The corresponding effective stored-energy function for the just-defined LCC can be conveniently written (see, e.g., Lopez-Pamies and Ponte Castañ eda, 2006a) as follows:
whereL is the effective modulus tensor of the linear comparison composite. In addition, in relation (13), 
-and similarly for DT and T-have been introduced in the above expressions for convenience.
Having identified the local and effective behavior of the LCC, the second-order estimate for the effective stored-energy functionŴ may finally be written as: 
where the variablesF ð1Þ , F ð1Þ , and F ð2Þ are functions-of the applied loading F, the material properties of the matrix and fibers, and the initial microstructure-that must be determined from the above-defined LCC. More specifically, F ð1Þ corresponds to the average deformation gradient in the matrix phase of the LCC, and can be conveniently expressed in terms of the average deformation gradient in the fibers of the LCC, F ð2Þ , from the global condition:
The average deformation gradient F ð2Þ can be determined-in terms of the modulus tensor L (1) -from the following implicit tensorial equation:
where DS ¼ S 
where indicial notation has been employed for clarity. In expression (18), R is the macroscopic rotation tensor in the polar decomposition of F ¼ R U, and Q is the orthogonal tensor that characterizes the orientation of the macroscopic Lagrangian principal axes (i.e., the principal axes of U) via the relation U ¼ Q D Q T , where D ¼ diagðk 1 ; k 2 ; k 3 Þ with respect to the laboratory frame of reference {e i } and k i (i = 1, 2, 3) denote the principal stretches of U. Assuming now that L * is orthotropic with respect to {e i } and possesses at most 9 independent components, denoted by ' Ã I (I = 1,2, . . . , 9), the aforementioned optimization procedure for determining L
(1) leads to the following conditions:
where it is recalled that the effective stored-energy function of the LCCŴ T is given by expression (13). In summary, Eqs. (16), (17), and (19) constitute a system of 27 scalar, coupled, algebraic equations for the 27 scalar unknowns formed by the 9 components ofF ð1Þ , the 9 components of F ð2Þ , and the 9 components of L (1) (i.e., the 9 independent components ' Ã I ). Having computed the values of all the components ofF ð1Þ , F ð2Þ , and L
(1) for a given loading F, given stored-energy functions
, and given initial volume fraction c 0 , the values of the components of F ð1Þ can be readily determined using relation (15). In turn, the second-order estimate for the effective stored-energy functionŴ for fiber-reinforced elastomers can then be computed, from relation (14), using these results.
Estimates for the LCC
At this stage, the only variable that remains to be specified in the above formulation is the effective modulus tensorL of the LCC with the same microstructure as the actual hyperelastic composite. In view of the ''particulate'' type of microstructures of interest here, use is made in this work of the following Hashin-Shtrikmantype estimate forL due to Suquet (1990a) (see also Suquet, 1990b and Nemat-Nasser et al., 1982) :
where the microstructural tensor P is given (in component form) by
imkn n m n n . In this expression, J 1 (AE) is the Bessel function of first kind, R is the initial radius 3 of the fibers, and R Ã denotes the reciprocal lattice (i.e., in Fourier space) defining the periodic distribution of the fibers in the undeformed configuration (see, e.g., Kittel, 1968) : Here, the base vectors A i (i = 1, 2, 3) characterize the periodic distribution of the fibers in the undeformed configuration in real space (i.e., in R 3 ). Thus, choosing A 3 to denote the fiber direction, we can conveniently write-without loss of generality:
where it is recalled that the rectangular Cartesian basis {e i } denotes the laboratory frame of reference, 4 d 3 ! 1, and d 1 , d 2 , and h serve to describe the in-plane distribution of the fibers, as depicted by Fig. 1(a) . In the sequel, for definiteness, we will restrict attention to square (see Fig. 1 (b)) and hexagonal (see Fig. 1 (c)) in-plane arrangement of fibers. For convenience, the specialization of expression (21) to these two cases is spelled out in Appendix A.
Overall behavior of periodic, fiber-reinforced elastomers

Constitutive hypotheses
The framework presented in the preceding sections is valid for any choice of the isotropic, elastomeric matrix phase, as well as for any choice of hyperelastic fibers. In what follows, for relative simplicity, we will restrict attention to matrix and fiber phases characterized by isotropic, stored-energy functions of the form:
(r = 1, 2), where
are, respectively, the first and third fundamental invariants of the right Cauchy-Green deformation tensor C = F T F, with k i (i = 1, 2, 3) denoting the principal stretches associated with F. Further, j (r) denotes the bulk modulus at zero strain of phase r, and g (r) and h (r) are twice-differentiable material functions that satisfy the following relations: Here, l (r) denotes the shear modulus at zero strain of phase r, and the subscripts I and J indicate differentiation with respect to these invariants. Note that when the above conditions are satisfied, the stored-energy function (25) linearizes properly, in the sense that
, where e is the infinitesimal strain tensor, as F ! I. Furthermore, note that to recover incompressible behavior in (25), it suffices to make the parameter j (r) tend to infinity (in which case W (r) (F) = g (r) (I) together with the incompressibility constraint J = 1).
Within the context of the material model (25), it is worth noticing that by requiring g (r) (I) and h ðrÞ ðJ Þ þ j ðrÞ 2 ðJ À 1Þ 2 to be strictly convex functions of their arguments, the stored-energy function (25) is strongly elliptic. This constitutive hypothesis, which will be adopted here, guarantees that no localized deformations will develop within the given elastomeric matrix and fiber phases, in accord with experimental evidence for ''neat'' rubber-like solids. Note also that the stored-energy function (25) is an extension of the so-called generalized Neo-Hookean (or I 1 -based) materials to account for compressibility that includes constitutive models widely used in the literature. The analysis that follows will be carried out for stored-energy functions of the general form (25). However, for definiteness, specific results will be presented and discussed for fiber-reinforced elastomers with Gent (Gent, 1996) matrix and fiber phases: 
Voigt bound
Before proceeding with the computation of the second-order estimate, it proves useful, for comparison purposes, to recall the Voigt upper bound (Ogden, 1978) for hyperelastic composites. Thus, when specialized to fiber-reinforced elastomers with initial volume fraction of fibers c 0 and (matrix and fiber) phases of the form (25), this rigorous upper bound leads to:
where
for, respectively, the first and third invariants associated with the macroscopic deformation gradient tensor F. Note that the bound (27) depends only on the initial volume fraction of the fibers, c 0 , and contains no dependence on higher-order statistical information about the microstructure. This limitation can be readily recognized in the present context from the fact that the stored-energy function (27) is isotropic, while the exact overall behavior of the fiber-reinforced elastomers of interest in this work is obviously orthotropic. Moreover, it is interesting to remark that the Voigt bound (27) remains strongly elliptic for all deformations F, provided that g ðrÞ ðIÞ and h ðrÞ ðJ Þ þ j ðrÞ 2 ðJ À 1Þ 2 (r = 1, 2) are strictly convex functions of their arguments, which has been assumed here.
Second-order homogenization estimates
In this subsection, we spell out the main steps in the computation of the second-order estimate (14) for the effective stored-energy functionŴ of elastomers, characterized by stored-energy functions of the form (25), reinforced with monodisperse, initially circular, aligned cylindrical fibers-also characterized by potentials of the form (25)-distributed periodically in: (a) square and (b) hexagonal arrangements in the undeformed configuration, as depicted in Fig. 2 .
In order to carry out the computation for the second-order estimate (14) for the above-specified class of elastomeric composites, the precise form of the modulus tensor L * , introduced in expression (18), needs to be spelled out. In this regard, recall first that L * is orthotropic with respect to the laboratory frame of reference {e i } and has at most 9 independent components, which are termed ' Ã I . In this work, for simplicity, we introduce further constraints among the components of L * in order to reduce them to 7 independent components. Thus, following Lopez-Pamies and Ponte Castañ eda (in press-a), the independent principal components of L * are chosen to be L are dependent. The motivation for the constraints (28) is twofold: (i) relations (28) are consistent with the tangent modulus of Neo-Hookean materials; 5 and (ii) conditions (28) simplify considerably the computations involved. It should be emphasized, however, that other choices are possible in principle.
Having specified the functional form of L * , and hence that of L (1) via (18), we proceed next to compute the variableF ð1Þ , needed in the computation of the second-order estimate (14) forŴ . Thus, by making use of the prescribed form for L * , together with expression (20) for the Suquet estimate forL, equations (19) can be seen to reduce to 7 nonlinear, algebraic equations for 7 combinations of the components ofF ð1Þ . These equationsas it will become more clear further below-are more conveniently expressed in terms of the variable Y:
which leads to the expressions:
, and
ðFÞ þ S ð2Þ ðF ð2Þ Þ has been introduced for convenience, and it is recalled that the explicit expressions for the tensor P for the two types of periodic microstructures considered here are given in Appendix A. It is not difficult to check that-though nonlinear-equations (30) may be solved explicitly to yield two distinct solutions for Y 11 , Y 22 , Y 33 in terms of which the combinations
32 may be uniquely determined. The two solutions for Y 11 , Y 22 , and Y 33 are as follows:
where it must be emphasized that the positive (and negative) signs must be chosen to go together in the roots for Y 11 , Y 22 , and Y 33 . The corresponding final expressions for the remaining combinations read as:
At this point, it is expedient to make a few remarks regarding expressions (32) and (33). First, it is important to emphasize that these relations provide explicit expressions for 7 combinations of the components ofF ð1Þ in terms of the applied loading F, the constitutive functions g (r) , h (r) , j (r) (r = 1, 2), the initial volume fraction of fibers c 0 , as well as the moduli ' Ã I ðI ¼ 1; 2; . . . ; 7Þ and the phase average deformation gradient in the fiber phase of the linear comparison composite F ð2Þ . Note, however, that the tensorial variableF ð1Þ has 9 components, so that two more relations are required to entirely characterizeF ð1Þ , as discussed below. Next, making use of each of the two distinct roots (32) . From algebraic manipulation of the resulting system, it can be seen that one such equation is satisfied trivially, and the remaining 8 equations may be cast in the following expedient manner: 
A direct implication of the fact that one of the generalized secant equations (17) is satisfied trivially is that the components ofF ð1Þ enter the above framework exclusively through 8-as opposed to 9-distinct combinations, namely: Y 11 , Y 22 , Y 33 , p 1 , p 2 , p 3 , p 4 , and s. As described below, these are the only combinations needed in the computation of the second-order estimate (14) 
In short, relations (34) and (39) are seen to constitute a closed system of (7 + 9 =)16 scalar, coupled, algebraic equations for the 16 scalar unknowns formed by the 7 moduli ' Ã I and the 9 components of F ð2Þ . In general, these equations must be solved numerically.
Having computed from (34) and (39) 
have been introduced for convenience. We conclude this subsection by making the following three practical remarks. First, it is important to emphasize that the second-order estimate (40) can be shown to be objective and orthotropic, in accord with the appropriate exact result (9). Second, it should be noted that the effective stored-energy function (40) does indeed depend-as pointed out above-on the variableF ð1Þ only through the 8 combinations Y 11 , Y 22 , Y 33 , p 1 , p 2 , p 3 , p 4 , and s. Moreover, it is important to point out that there are 4 possible combinations of the roots introduced in (32) and (38), which lead to 4 different estimates forŴ . In the case when the bulk moduli (at zero strain) of the matrix and fibers, j
(1) and j (2) , are of the order of the shear moduli (at zero strain), l
and l (2) , all 4 root combinations lead to very similar results for the effective stored-energy functionŴ . However, when the bulk moduli are significantly larger than the shear moduli-namely, when the composite is nearly incompressible-the estimates produced by the 4 distinct combinations are very different. In fact, in this case, it can be shown that only one root combination generates physically meaningful estimates relative to the other 3 possibilities. More precisely, for j (r) ) l (s) (r, s = 1, 2), the ''negative'' (À) root in (32), together with the choice p 4 ¼ sign F 35) leads to estimates that are superior to the other 3 alternatives. Given that rubber-like materials are (in general) fairly incompressible, this is the root combination that should be selected to compute the second-order estimate (40) for fiber-reinforced elastomers.
Generalized plane-strain loading
The second-order estimate (40) is valid for general macroscopic deformations F. In the following section, we will be particularly interested in generalized plane-strain macroscopic deformations of the form:
F ¼ F 11 e 1 e 1 þ F 12 e 1 e 2 þ F 21 e 2 e 1 þ F 22 e 2 e 2 þ k 3 e 3 e 3 :
For this type of loading conditions, the computation of (40) simplifies substantially. More specifically, for macroscopic loadings of the form (41), it is easy to check that 5 out of the 9 scalar equations in (39) are satisfied identically by the choices: 
21 are given by: (41), k 3 = k 5 = k 6 = 0 in (31), so that expressions (32), (33), and (38) reduce to:
and
Note that-similar to Eqs. (43)-expressions (44) and (45) also depend on L * only through the moduli '
Finally, making use of the above simplifications, it is straightforward to see that 2 out of the 7 scalar equations in (34) are satisfied trivially, while the remaining 5 nontrivial equations reduce to:
To summarize, relations (43) and (46) 
Results and discussion
In this section, the second-order estimate (40) is used to study the effective stress-strain response and the macroscopic stability of Gent elastomers reinforced with monodisperse, initially circular, cylindrical Gent fibers aligned in the e 3 axis and distributed periodically with square (SA) and hexagonal (HA) arrangements in the e 1 -e 2 plane in the undeformed configuration (see Fig. 2 ). Results are given for compressible (matrix and fiber) phases with lock-up parameters J (2006) for details on the estimation of fiber-contact within the Suquet approximation (20) for the LCC.) If neither of these phenomena occurs, the results are truncated at some sufficiently large value of the deformation. For clarity, the points at which the homogenized material loses strong ellipticity are denoted with the symbol '''' in the figures, whereas the symbol ''•'' is utilized to indicate contact between fibers.
The results presented in this section are organized as follows. First, we present and discuss the response of fiber-reinforced elastomers subjected to axisymmetric shear. These results are followed by the effective response of fiber-reinforced elastomers subjected to in-plane pure and simple shear. We finish this section by providing results for out-of-plane pure shear. The motivation behind the selection of these results is to provide an overall understanding of the effective response of fiber-reinforced elastomers under out-of-plane, in-plane, and coupled in-plane and out-of-plane modes of deformation, while illustrating the intimate connection between the effective behavior and macroscopic stability of these materials with the evolution of the underlying microstructure.
Axisymmetric shear
Figs. 3 and 4 present the effective behavior, as predicted by the second-order estimate (40) (denoted by SOE in the plots) and the Voigt bound (27), for a compressible Gent matrix reinforced with an initially periodic hexagonal distribution (HA) of Gent fibers under axisymmetric shear deformation: F ¼ k 1 e 1 e 1 þ k 2 e 2 e 2 þ k 3 e 3 e 3 with k 3 ¼ k and Fig. 3 illustrates results for tension in the fiber direction (i.e., k P 1) and Fig. 4 , for compression (i.e., k 6 1). In particular, results are shown for compressibility ratios j
(1) /l (1) = j (2) /l (2) = 50, shear contrast t = l (2) /l (1) = 20, and initial volume fractions of fibers c 0 = 15, 25 and 35%, as a function of the logarithmic strain e ¼ ln k. Parts (a) show the normalized effective stored-energy functionŴ =l ð1Þ , and parts (b), the normalized stress in the fiber direction S 33 =l ð1Þ ¼ ð1=l ð1Þ ÞoŴ =oF 33 . It is observed from both figures, Figs. 3 and 4 , that the effective behavior of the fiber-reinforced elastomer is stiffer for higher values of the initial volume fraction of fibers c 0 , as expected on physical grounds. In this connection, note that the behavior of the composite (i.e., c 0 > 0) is much stiffer than that of the matrix material (i.e., c 0 = 0). Moreover, it is interesting to remark from Figs. 3 and 4(a) that the second-order estimatesthough strictly below-are practically indistinguishable from the Voigt bound. In this regard, it is fitting to recall that for the case of applied axisymmetric shear of fiber-reinforced elastomers with incompressible, isotropic matrix phase and incompressible, isotropic fibers, the Voigt bound can be shown to be an exact result for the effective stored-energy functionŴ , regardless of the shape, orientation, and distribution of the fibers in the transverse plane (e.g., here, the e 1 -e 2 plane). In view of the relatively high values of the bulk moduli of the matrix phase, j
(1) /l (1) = 50, and the fibers, j (2) /l (1) = 1000, this suggests that the Voigt bound-and hence Fig. 3 . Effective response, as predicted by the second-order estimate (SOE) and the Voigt bound, of a fiber-reinforced elastomer subjected to ''tensile'' axisymmetric shear: F ¼ k 1 e 1 e 1 þ k 2 e 2 e 2 þ k 3 e 3 e 3 with k 3 ¼ k P 1 and
The results correspond to Gent phases with compressibility ratios j (1) /l (1) = j
/l (2) = 50, contrast t = l the second-order estimates-shown in Figs. 3 and 4(a) are actually very good approximations to the corresponding exact results. Parenthetically, it is also appropriate to record here that, under axisymmetric shear (and only in this case), the second-order estimate (40) can be shown to reduce to the Voigt bound (27) in the limit of overall incompressibility of the material (i.e., j (1) ! 1 and j (2) ! 1), thus recovering the exact result. Next, it is recognized from Figs. 3 and 4 that-according to the SOE results-the overall response of the fiber-reinforced elastomer under axisymmetric tension is radically different from its response under axisymmetric compression. Indeed, under axisymmetric tension, the material stiffens until it eventually locks up at an approximate strain of e ¼ 2:3 (irrespectively of the initial volume fraction of fibers c 0 ). On the other hand, under axisymmetric compression, the material stiffens monotonically, but it also becomes unstablethrough loss of strong ellipticity-at relatively small values of strain. More specifically, all the results shown in Fig. 4 lose strong ellipticity because of the vanishing of the effective incremental shear moduliL 1313 and L 2323 . This implies that the homogenized material may develop localized shear deformations in planar zones with normal-in the deformed configuration-n = e 3 , and in the directions m 2 Span{e 1 , e 2 }. This response is rather subtle and merits further explanation. When subjected to axisymmetric compression, as shown by Fig. 4(b) , the fiber-reinforced elastomer stiffens-due to the constitutive stiffening of the matrix phase and the fibers-in the ''direction'' of the applied loading (i.e.,L 3333 increases with the applied stretch). However, its overall incremental shear response (perpendicular to the direction of the fibers) softens to the point that the material loses strong ellipticity at some finite stretch (at whichL 1313 ¼L 2323 ¼ 0). This remarkable behavior predicted by the second-order estimate (and not by the Voigt bound, as explained in more detail below) is in agreement with experimental evidence (see, for instance, Kyriakides and Ruff, 1997) , where the observed failure mode in fiber-reinforced composites subjected to compressive deformation in the fiber direction leads to kink band type instabilities. The interested reader is referred to Merodio and Pence (2001a,b) and Merodio and Ogden (2003) for continuum-mechanics-based studies of kink bands in fiber-reinforced hyperelastic solids.
We conclude the discussion of Figs. 3 and 4 by making the following two remarks. First, it is important to note that in spite of being a very good estimate for the effective stored-energy functionŴ of fiber-reinforced elastomers subjected to axisymmetric shear (provided that the bulk moduli of the matrix phase, j
(1) , and the fibers, j (2) , are sufficiently large), the Voigt bound remains strongly elliptic for all applied deformations, in disagreement with physical evidence (and with the second-order predictions). This can be readily checked by realizing that the Voigt bound (27), which is essentially the arithmetic average of the local behavior of the matrix phase and the fibers, is a strictly polyconvex function of the applied deformation gradient F and 4. Effective response of a fiber-reinforced elastomer subjected to ''compressive'' axisymmetric shear: F ¼ k 1 e 1 e 1 þ k 2 e 2 e 2 þ k 3 e 3 e 3 with k 3 ¼ k 6 1 and
The results correspond to Gent phases with compressibility ratios hence strongly elliptic, as already pointed out in Section 4.2. Second, the corresponding stress-strain results for a periodic square distribution of fibers are essentially identical to those illustrated in Figs. 3 and 4 for the periodic hexagonal distribution. This is to be expected since the Voigt bound forŴ , which agrees with the second-order estimates in the context of Figs. 3 and 4, is a microstructure-independent result (i.e., it only depends on the volume fraction of the phases). Fig. 5 provides plots associated with the results shown in Fig. 4 for the critical strain, e crit ¼ ln k crit , at which the homogenized response of the fiber-reinforced elastomer loses strong ellipticity for: (a) contrasts t = l (2) / l (1) = 2 and 5, and compressibility ratios j (1) /l (1) = j (2) /l (2) = 50, as a function of the initial volume fraction of fibers c 0 ; and (b) compressibility ratios j
(1) /l (1) = j (2) /l (1) = 1,5, and 50, and fiber volume fraction c 0 = 25%, as a function of the contrast t. A key observation that should be made from Fig. 5 is that, under axisymmetric shear compression, the fiber-reinforced elastomer becomes unstable at smaller compressive strains e crit for higher values of the contrast t. In fact, it can be shown that e crit ! 0 as t ! 1. That is, for the case when the fibers are taken to be rigid (i.e., for t = 1), the fiber-reinforced elastomer is already unstable at zero strain when subjected to axisymmetric shear compression. Of course, an elastomer reinforced with rigid fibers is itself rigid under loading conditions that require deformation of the fibers. The issue here is that in spite of being rigid (in the principal solution), the material is actually unstable when subjected to axisymmetric shear compression along the fiber direction. Fig. 5(a) shows that e crit ! À1 as c 0 ! 0. This is consistent with the fact that the elastomeric matrix phase of the material is strongly elliptic, so that in the absence of fibers (i.e., for c 0 = 0) the material remains stable for all deformations. As the initial volume fraction of fibers c 0 is increased from zero, the critical strain at which the material loses strong ellipticity e crit increases monotonically up to a certain c 0 < 50% at which e crit reaches a maximum. After this point, further increase in c 0 results in a monotonic decrease of e crit . This behavior can be easily explained by recognizing that the fibers are strongly elliptic, so that in the limit as c 0 ! 1, e crit is expected to become unbounded. Note, however, that the limiting value c 0 = 1 cannot be actually reached, since for the periodic hexagonal distribution of fibers under consideration here, fiber contact takes place (in the undeformed configuration) at c 0 ¼ p=ð2 ffiffi ffi 3 p Þ % 91%, as indicated in Fig. 5(a) by the symbol ''•.'' Finally, it is interesting to note that the inverted ''U-shape'' of the loss of strong ellipticity curves shown in Fig. 5(a) is reminiscent of the corresponding exact result for two-phase laminates (Triantafyllidis and Maker, 1985) , which have been considered by various authors as 2D models for fiber-reinforced materials (see, e.g., Maker, 1985, and Kyriakides et al., 1995) . Fig. 5(b) shows that the homogenized response of the fiber-reinforced elastomer loses strong ellipticity at smaller critical strains e crit for higher values of the bulk moduli of the elastomeric matrix phase, j
(1) , and of the , as a function of the contrast t.
fibers, j (2) . That is, in strain space, the less compressible the more unstable the material is. Interestingly, this trend has also been observed in other material systems (see, e.g., Triantafyllidis et al., 2006; Lopez-Pamies and Ponte Castañeda, 2006b; Michel et al., in press) .
Finally, it is fitting to mention that the corresponding results for a periodic square distribution of fibers are essentially identical to those illustrated in Fig. 5 for the periodic hexagonal distribution, with the exception that the onset of fiber contact in Fig. 5(a) would then take place at c 0 = p/4 % 79%, as opposed to c 0 ¼ p=ð2 ffiffi ffi 3 p Þ % 91%. This result, together with the observations made from Figs. 3 and 4, suggest that not only the overall stress-strain relation, but also the macroscopic stability of fiber-reinforced elastomers subjected to axisymmetric shear are controlled mainly by the contrast between the elastomeric matrix phase and the fibers and their respective volume fractions, and not so much by the in-plane fiber distribution.
5.2. In-plane pure shear Fig. 6 provides plots for the effective behavior of Gent elastomers reinforced with periodic square (SA) and hexagonal (HA) distributions of Gent fibers for in-plane pure shear loading. More specifically, for both distributions, results are presented for pure shear loading aligned with the principal axes of the microstructure {e i } (later referred to as pure shear in the [1, 0, 0] direction): F ¼ k 1 e 1 e 1 þ k 2 e 2 e 2 þ k 3 e 3 e 3 with k 1 ¼ k, k 2 ¼ k À1 , and k 3 ¼ 1 (see Fig. 2 ). For the SA distribution, results are also presented for pure shear loading oriented at 45 with respect to {e i } (later referred to as pure shear in the [1, 1, 0] direction):
Þ=2ðe 1 e 2 þ e 2 e 1 Þ þ e 3 e 3 (see Fig. 2 ). (Note that this last loading is denoted by SA 45 in the plots.) Results are given for compressibility ratios j
(1) /l (1) = 50 and j (2) / l (2) = 30, contrast t = l (2) /l (1) = 50, and fiber volume fraction c 0 = 25%, as function of the logarithmic strain e ¼ ln k. Part (a) shows the normalized effective stored-energy functionŴ =l ð1Þ and part (b), the normalized non-zero stress components S 11 =l ð1Þ , S 22 =l ð1Þ , S 33 =l ð1Þ written with respect to the macroscopic Lagrangian principal axes-denoted here by {u i }. In this connection, note that for pure shear loading in the [1, 0, 0] direction: u i = e i (i = 1, 2, 3); while for pure shear loading in the [1, 1, 0] direction:
=2ðe 2 À e 1 Þ, u 3 = e 3 . First, we remark from Fig. 6(a) that the second-order estimates are well below the rigorous Voigt upper bound. This result is consistent with the fact that, under the in-plane loading conditions considered in Fig. 6 , the Voigt bound-unlike the second-order estimates and in contradiction with physical evidence- Fig. 6 . In-plane pure shear (aligned F ¼ ke 1 e 1 þ k À1 e 2 e 2 þ e 3 e 3 and at a 45 angle F ¼ ðk þ k À1 Þ=2ðe 1 e 1 þ e 2 e 2 Þþ ðk À k À1 Þ=2ðe 1 e 2 þ e 2 e 1 Þ þ e 3 e 3 ) of a fiber-reinforced elastomer. The results, which are given for periodic square (SA and SA 45 ) and hexagonal (HA) arrangement of fibers, correspond to Gent phases with compressibility ratios j
(1) /l (1) = 50 and j becomes infinite as the fibers tend to become rigid. The fibers considered in Fig. 6 are not exactly rigid, but the relatively high contrast of t = 50 between the matrix phase and the fibers already reveals the asymptotic character of the Voigt bound as t ! 1. Fig. 6 (a) also shows that the effective behavior of the fiber-reinforced material is stiffer than that of the matrix phase, as expected on physical grounds. Another important observation from Fig. 6(a) is the overall anisotropic response of the composite, which is entirely due to the anisotropic initial arrangement of the fibers. More precisely, the overall behavior of the reinforced elastomer with the square arrangement of fibers (see Fig. 2(a) ) is seen to be different for pure shear loading in the [1, 0, 0] direction (SA) than in the direction [1, 1, 0] (SA 45 ). In particular, the [1, 0, 0] results appear to be stiffer. This interesting behavior will be explained below, within the context of Fig. 6(b) . Furthermore, as a consequence of the overall, in-plane, square symmetry of the material, we also note that the results for tension (i.e., for e P 0) are indistinguishable from those for compression (i.e., for e 6 0). In contrast, for the hexagonal arrangement (HA) of fibers (see Fig. 2(b) ), the effective behavior of the reinforced elastomer is different for tension (e P 0) than for compression (e 6 0).
Before proceeding with the discussion of the stress-strain results illustrated in Fig. 6(b) , it proves helpful to make the following remark. Under the present in-plane loading conditions, the two major underlying mechanisms governing the overall response of the fiber-reinforced elastomers are: the constitutive stiffening/softening of the matrix phase with increasing strain, and the geometric stiffening/softening effects due to the evolution of the distribution of the fibers. The constitutive and geometric effects due to the straining and the evolution of the volume fraction, shape, and orientation of the fibers are negligible. This is because the fibers-which are 50 times stiffer than the matrix phase-remain essentially undeformed along the entire deformation process.
For tensile loadings (e P 0), Fig. 6(b) illustrates that for all three cases, SA, SA 45 , and HA, the in-plane stress component S 11 =l ð1Þ increases monotonically with increasing strain. The other in-plane stress component,
, is seen to decrease monotonically with increasing e, but at a much more rapid rate than S 11 =l ð1Þ . This disparity is consistent with the fact that, in the direction of the Lagrangian principal axis u 1 -in which tension is applied-the fibers get farther apart as the deformation progresses, whereas in the direction of the Lagrangian principal axis u 2 -in which compression is applied-they get closer. The former mechanism induces geometric softening on the material and the latter, stiffening. Note that this mechanism is also consistent with the fact that the SA results are stiffer than the SA 45 ones, since at any given value of the applied strain e, the fibers are closer to one another in the [1, 0, 0] direction than in the direction [1, 1, 0]. In addition, it is interesting to note from Fig. 6 (b) that a considerably large-but smaller than S 22 =l ð1Þ -compressive stress S 33 =l ð1Þ develops in the fiber direction as the strain increases. Note that analogous comments apply to the results for compressive loading (e 6 0).
Finally, we remark from Fig. 6 that the material with the square arrangement of fibers becomes unstablethrough loss of strong ellipticity-under both types of pure shear conditions (SA and SA 45 ), with the SA results losing strong ellipticity at smaller strains. On the other hand, the material with the hexagonal distribution of fibers is seen to lose strong ellipticity only under compression (e 6 0), whereas fiber contact is detected under tension (e P 0) before any macroscopic instability takes place. Interestingly, for all the above-mentioned cases in which macroscopic instabilities do develop, strong ellipticity is consistently lost due to the vanishing of the incremental shear response perpendicular to the direction of maximum applied compressive strain. For instance, for the SA and HA cases with e 6 0, strong ellipticity is lost due to the vanishing of L 2121 , while for the SA case with e P 0, strong ellipticity is lost due to the vanishing ofL 1212 . This means that, under in-plane pure shear loading, the homogenized fiber-reinforced elastomer may develop localized shear deformations in planar zones with normal in the deformed configuration n, given by the macroscopic Lagrangian principal axis associated with the smallest principal stretch (i.e., the maximum compressive strain), and in the in-plane direction perpendicular to such axis (i.e., the unit vector m for which condition (10) ceases to hold true is such that m AE n = m AE e 3 = 0). Making contact now with the microstructure, it is interesting to note that the normal n corresponds actually to the in-plane direction in which neighboring fibers are closest. This behavior, which is somewhat similar to the one observed for axisymmetric compression, is rather subtle. Indeed, when subjected to in-plane pure shear loading, the overall response of the fiber-reinforced elastomer stiffens-as a consequence, partly, of the reinforcing fibers coming closer-in the direction of the maximum applied compressive strain, n. However, its overall incremental shear response perpendicular to n softens to the point that the material may become macroscopically unstable at some finite stretch. To conclude the discussion of Fig. 6 , it should be mentioned that this remarkable behavior predicted by the second-order estimate (40) is in agreement with the recent numerical (F.E.M.) results of Triantafyllidis et al. (2006) for the inplane behavior of fiber-reinforced elastomers.
Figs. 7 and 8 illustrate the influence of the initial volume fraction of fibers, c 0 , and the shear contrast, t = l (2) /l (1) , on the effective stress-strain relation of fiber-reinforced elastomers with Gent (matrix and fiber phases) subjected to pure shear loading conditions. For conciseness, results are provided for aligned pure shear loading (F ¼ ke 1 e 1 þ k À1 e 2 e 2 þ e 3 e 3 ) and an initially hexagonal distribution (HA) of fibers. However, it should be emphasized that the results presented in Figs. 7 and 8 are similar to those obtained for ''misaligned'' pure shear loadings, as well as for different initial fiber distributions. Fig. 7 displays results for the normalized effective stress components S 11 =l ð1Þ , S 22 =l ð1Þ , S 33 =l ð1Þ for fiber-reinforced Gent elastomers with compressibility ratios j
(1) /l (1) = 50, j (2) /l (2) = 30, contrast t = l (2) /l (1) = 50, and Fig. 7 . In-plane aligned pure shear (F ¼ ke 1 e 1 þ k À1 e 2 e 2 þ e 3 e 3 ) of a fiber-reinforced Gent elastomer with an initially hexagonal arrangement (HA) of fibers. The results correspond to compressibility ratios j (1) /l (1) = 50, j (2) /l (2) = 30, contrast t = l (2) /l (1) = 50, and initial volume fractions c 0 = 15, 25 and 35%. The normalized stress components S 11 =l ð1Þ , S 22 =l ð1Þ , S 33 =l ð1Þ for: (a) pure shear compression e 6 0, and (b) pure shear tension e P 0. Fig. 8 . In-plane aligned pure shear (F ¼ ke 1 e 1 þ k À1 e 2 e 2 þ e 3 e 3 ) of a fiber-reinforced Gent elastomer with an initially hexagonal arrangement (HA) of fibers. The results correspond to compressibility ratios j (1) /l (1) = 50, j (2) /l (2) = 30, initial volume fraction c 0 = 0.25 and shear contrasts t = l (2) /l (1) = 5, 50, and 150. The normalized stress components S 11 =l ð1Þ , S 22 =l ð1Þ , S 33 =l ð1Þ for: (a) pure shear compression e 6 0, and (b) pure shear tension e P 0.
initial volume fractions c 0 = 15, 25, and 35%, as a function of the logarithmic strain e ¼ ln k. Part (a) shows results for aligned pure shear compression (e 6 0), and part (b), for aligned pure shear tension (e P 0). The increase of the initial volume fraction of fibers c 0 can be seen to have three major effects on the effective stressstrain relation of the reinforced elastomer. First, the overall behavior of the material is stiffer. Second, in spite of the fact that the material is stiffer, it is also less stable, as loss of strong ellipticity occurs at smaller strains. Finally, fiber contact is also seen to occur at smaller finite strains. All these three effects are consistent with the fact that increasing the volume fraction of the fibers corresponds effectively to increasing the relative size of the reinforcing inclusions in the material. Indeed, ''bigger'' stiffer fibers are expected to lead to an overall stiffer behavior. Further, ''bigger'' fibers imply that neighboring fibers are closer to one another. Thus, according to preceding discussions, closer fibers lead to softer effective incremental shear moduli, which, in turn, lead to smaller critical strains at loss of strong ellipticity. Moreover, closer fibers clearly lead to smaller macroscopic strains at fiber contact. 
/l (1) = 5, 50, 150, as a function of the logarithmic strain e ¼ ln k. Part (a) shows results for aligned pure shear compression (e 6 0), and part (b), for aligned pure shear tension (e P 0). As expected on physical grounds, increasing the shear contrast t is seen to lead to an overall stiffer behavior of the composite. In addition, and similar to increasing fiber volume fraction, increasing the shear contrast t is seen to lead to smaller critical strains at which loss of strong ellipticity and fiber contact take place. These trends are a direct consequence of the fact that by increasing t, the average deformation in the matrix phase increases-and, by the same token, the average deformation in fibers decreases. As a result, neighboring fibers get closer leading-as explained above-to the onset of instabilities and fiber contact at smaller strains. Fig. 9 illustrates the influence of the initial distribution of fibers (SA vs. HA), initial fiber volume fraction, c 0 , and shear contrast, t = l (2) /l (1) , on the onset of macroscopic instabilities in fiber-reinforced Gent elastomers. In particular, SA and HA results are shown for aligned pure shear loading F ¼ ke 1 e 1 þ k À1 e 2 e 2 þ e 3 e 3 , compressibility ratios j (1) /l (1) = 5, j (2) /l (2) = 3 and j (1) /l (1) = 50, j (2) / l (2) = 30, for: (a) the critical strain, e crit ¼ ln k crit , at which the composite loses strong ellipticity for contrast t = 50, as a function of the initial fiber volume fraction c 0 ; and (b) e crit for initial volume fraction c 0 = 0.25, as a function of the contrast t. It is clear from Fig. 9 that the initial distribution of fibers plays a major role in the development of macroscopic instabilities. More precisely, it is observed that the material with initially square distribution (SA) of fibers is more unstable (in strain space) than that one with hexagonal distribution Fig. 9 . In-plane aligned pure shear (F ¼ ke 1 e 1 þ k À1 e 2 e 2 þ e 3 e 3 ) of fiber-reinforced Gent elastomers with initially square (SA) and hexagonal (HA) arrangements of fibers. (a) The critical strain e crit ¼ ln k crit at which the homogenized fiber-reinforced elastomer loses strong ellipticity, as a function of the initial volume fraction of fibers c 0 . (b) The critical strain e crit as a function of the shear contrast t = l (2) /l (1) . The results are given for various values of compressibility ratios j (1) /l (1) and j (2) /l (2) .
(HA). Interestingly, this trend has also been observed in porous elastomers (Michel et al., in press ). Furthermore, similar to the axisymmetric shear results shown in Fig. 5(b) , Fig. 9 illustrates that for in-plane pure shear, fiber-reinforced elastomers with higher bulk moduli, j (1) and j
, are more unstable. Fig. 9(a) shows that the critical strain e crit is a monotonically increasing function of the initial fiber volume fraction c 0 . In the dilute limit (i.e., c 0 ! 0), e crit ! À1, since the elastomeric matrix is strongly elliptic. Moreover, in this limit, it is interesting to observe that the results for the square (SA) and hexagonal (HA) distributions of fibers become practically indistinguishable. This implies that as c 0 ! 0, the fibers do not interact with each other, and hence their initial distribution becomes irrelevant. Note further from Fig. 9(a) that for sufficiently large values of c 0 , fiber contact (denoted with the symbol ''•'' in the plots) precedes loss of strong ellipticity. Fig. 9(b) shows that e crit increases monotonically as a function of the contrast t = l (2) /l (1) . In the limit of small contrast (i.e., t ! 1), e crit ! À1, so that the material remains strongly elliptic for all deformations. On the other hand, in the limit as the fibers are taken to be rigid (i.e., t ! 1), the critical strain at which the material loses strong ellipticity tends to a finite, non-zero asymptotic value e 1 crit . This is unlike the behavior illustrated in Fig. 5(b) for axisymmetric shear, where e crit ! 0 in the limit as t ! 1. The key difference between these two loading conditions is as follows. For axisymmetric shear and large t, the effective stored-energy function (40) can be shown to be of the formŴ ¼Ŵ t t þ Oðt 0 Þ. On the other hand, for in-plane pure shear and large t,Ŵ ¼Ŵ 0 þ Oðt À1 Þ. In other words, for axisymmetric shear, the overall behavior of the material becomes rigid when the fibers are taken to be rigid, and as a result, e crit ! 0 in the limit as t ! 1. On the contrary, for in-plane pure shear, the effective stored-energy functionŴ does not become unbounded when the fibers are taken to be rigid, but instead, it tends to some finite limiting behaviorŴ 0 , so that e 1 crit need not be zero.
In short, the results illustrated in Figs. 6-9 reveal that the overall behavior of fiber-reinforced elastomers subjected to in-plane pure shear deformations depends very critically on the initial distribution and volume fraction of the fibers. The dependence on the contrast between the elastomeric matrix and fibers, as measured by t, is very significant from small to moderate values of t. For relatively large contrasts (e.g., here, t > 50), the behavior of the composite tends to that of elastomers with rigid fibers, and hence, it becomes virtually insensitive to further changes in t. This is unlike the behavior observed for axisymmetric shear deformations , where the dependence on t was critical in the entire physical range 1 6 t 6 1, and the dependence on the fiber distribution was practically negligible.
5.3. In-plane simple shear Fig. 10 displays results, as predicted by the second-order estimate (40), for the effective behavior of fiberreinforced Gent elastomers subjected to in-plane simple shear: F ¼ I þ ce 1 e 2 with I denoting the identity operator for second-order tensors, and c, the amount of shear. In particular, results are shown for initially square (SA) and hexagonal (HA) distributions of fibers and compressibility ratios j Fig. 10(a) shows that the effective behavior of the fiber-reinforced elastomer is stiffer for higher values of c 0 . Similarly, Fig. 10(b) shows that the behavior of the composite is stiffer for higher values of the contrast t. Note, however, that the effect of increasing t is rather weak. Again, this is because the asymptotic behavior ofŴ for in-plane deformations and large t is of the form:Ŵ ¼Ŵ 0 þ Oðt À1 Þ, as discussed in the previous section. Finally, it is interesting to remark that the effect of the initial distribution of fibers (i.e., SA vs. HA) on the effective behavior of the composite under in-plane simple shear is negligible at the initial volume fractions of fibers considered. This point is investigated further in the context of the next figure. Fig. 11 illustrates results for the effective behavior of fiber-reinforced Gent elastomers, with square (SA) and hexagonal (HA) fiber distributions, subjected to in-plane pre-compressed simple shear: F ¼ I À 2=5e 2 e 2 þ ce 1 e 2 . This type of loading condition, which has already been considered by Lahellec et al. (2004) in a somewhat different context, serves to bring out neatly the influence of the initial, as well as evolving, distribution of fibers on the macroscopic behavior of the composite. Part (a) shows the normalized shear stress S 12 =l ð1Þ ¼ ð1=l ð1Þ ÞoŴ =oc as a function of the amount of shear c for compressibility ratios
/l (2) = 30, contrast t = l (2) /l (1) = 50, and initial fiber concentrations c 0 = 11 and 25%. Part (b) depicts an schematic representation of the evolution of the fiber distribution along the loading process for both initial arrangement of fibers.
A key observation from Fig. 11(a) is the oscillations exhibited by the macroscopic stress-strain response of the material for both initial (square and hexagonal) distributions of fibers. These oscillations are a direct consequence of the evolution of the microstructure. More specifically, the oscillations are caused by the evolution of the distribution of the fibers, which alternates from configurations where the fibers are aligned with other fibers to configurations where the fibers are aligned between two other fibers, as illustrated by Fig. 11(b) . Note Fig. 11 . In-plane pre-compressed simple shear (F ¼ I À 2=5e 2 e 2 þce 1 e 2 ) of a fiber-reinforced elastomer. The results, which are given for periodic square (SA) and hexagonal (HA) distributions of fibers, correspond to Gent phases with compressibility ratios j that the oscillations are more pronounced for higher values of initial volume fraction, as a consequence of the stronger interactions between the fibers. Note further that for sufficiently large deformations c, the oscillations die out. In order to understand this behavior, it should be recalled that besides the evolution of the distribution of the fibers, there is another mechanism that governs the overall behavior of the material under in-plane deformations, namely, the constitutive stiffening of the matrix phase due to the straining. For large c, the matrix constitutive stiffening dominates, and the geometric effect due to the evolution of the fiber distribution becomes negligible, hence explaining the apparent disappearance of oscillations for large c in Fig. 11(a) .
No loss of strong ellipticity was detected for any of the results shown in Figs. 10 and 11. However, it should be mentioned that by sufficiently increasing the pre-compressed strain in the e 2 direction (e.g., from 2/5 = 0.4 to 0.5) would lead to loss of strong ellipticity at some finite value of the amount of shear c. Interestingly, the mechanism by which fiber-reinforced elastomers lose strong ellipticity when subjected to in-plane pre-compressed simple shear is entirely analogous to that one detected for in-plane pure shear. Namely, loss of strong ellipticity occurs by the vanishing of the effective incremental shear modulus perpendicular to the direction in which neighboring fibers are closest to each other.
Out-of-plane pure shear
Figs. 12 and 13 present the effective behavior, as predicted by the second-order estimate (40), of Gent elastomers reinforced with periodic square (SA) and hexagonal (HA) distributions of Gent fibers subjected to outof-plane pure shear: F ¼ k 1 e 1 e 1 þ k 2 e 2 e 2 þ k 3 e 3 e 3 with k 3 ¼ k, k 1 ¼ k À1 , and k 2 ¼ 1. Fig. 12 illustrates results for tension in the fiber direction (i.e., k P 1) and Fig. 13 , for compression (i.e., k 6 1). In particular, results are shown for compressibility ratios j
(1) /l (1) = j (2) /l (2) = 50 and contrast t = l (2) /l (1) = 20, as a function of the logarithmic strain e ¼ ln k. Parts (a) show the normalized effective stored-energy functionŴ =l ð1Þ for initial volume fractions of fibers c 0 = 15, 25, 35%, and parts (b), the normalized stress components S 11 =l ð1Þ , S 22 =l ð1Þ , S 33 =l ð1Þ for c 0 = 25%. In accord with the preceding subsections, Figs. 12 and 13 show that the effective behavior of the fiber-reinforced elastomer is stiffer for higher values of c 0 . Consistent with previous results, it is also seen that the second-order estimates satisfy the rigorous Voigt bound. Moreover, it is important to remark that the results displayed in Figs. 12 and 13 indicate that the effective behavior of the fiber-reinforced elastomer-as measured by the effective stored-energy functionŴ and macroscopic stress S-for out-of-plane pure shear deformations Fig. 12 . Effective response of Gent fiber-reinforced elastomers subjected to ''tensile'' out-of-plane pure shear: F ¼ k 1 e 1 e 1 þ k 2 e 2 e 2 þ k 3 e 3 e 3 with k 3 ¼ k P 1, k 1 ¼ k À1 , and k 2 ¼ 1. Results are shown for compressibility ratios depends very weakly on the initial distribution of fibers (since the SA and HA results are very much identical). This behavior is in precise agreement with the results found for axisymmetric shear deformations, which were discussed in the context of Figs. 3 and 4. In this regard, as for axisymmetric shear deformations, the independence on fiber distribution in the present context can be understood by recognizing that out-of-plane pure shear is a fiber-dominated mode of deformation. That is, under out-of-plane pure shear, the local strain in the fibers-which are much stiffer than the matrix phase-is comparable to the strain in the elastomeric matrix, and, as a consequence, the effective stored-energy functionŴ and macroscopic stress S are controlled primarily by the contrast (t) and the fiber volume fraction (c 0 ), and not so much by the fiber distribution. Interestingly, this is not true for the effective incremental modulus tensorL-which measures the macroscopic stability of the homogenized material-as discussed next. Fig. 12 shows that fiber-reinforced elastomers with SA and HA fiber distributions become unstablethrough loss of strong ellipticity-at finite values of deformation when subjected to out-of-plane pure shear with tension in the fiber direction. Note, however, that materials with the SA distribution lose strong ellipticity at smaller strains than those with the HA arrangement of fibers. Interestingly, all the SA and HA results displayed in Fig. 12 lose strong ellipticity because of the vanishing of the incremental, in-plane, shear moduluŝ L 2121 . That is, condition (10) fails for the pair n = e 1 and m = e 2 . Making contact with the evolution of the microstructure, this failure mechanism-which is exactly the same as the one encountered for in-plane pure and simple shear deformations-is caused by the fact that neighboring fibers get closer to each other with the increasing applied deformation. Thus, as for the in-plane deformations discussed in the preceding subsection, the onset of macroscopic instabilities for out-of-plane pure shear with tension in the fiber direction depends critically on the overall incremental in-plane behavior of the composite, and hence, on the in-plane distribution of fibers.
Similar to Fig. 12, 13 shows that fiber-reinforced elastomers with SA and HA fiber distributions also lose strong ellipticity when subjected to out-of-plane pure shear with compression in the fiber direction. In this case, loss of strong ellipticity takes place because of the vanishing of the effective incremental shear modulusL 1313 , which implies that condition (10) fails for the pair n = e 3 and m = e 1 . This failure mode-similar to the one encountered for axisymmetric shear compression-is consistent with the development of kink band-type instabilities in the fiber-reinforced composite. Note that because of the failure mode is fiber-dominated (i.e., L 1313 ¼ 0), the critical strains at which the homogenized material loses strong ellipticity are very much independent of the in-plane fiber distribution. Fig. 13 . Effective response of Gent fiber-reinforced elastomers subjected to ''compressive'' out-of-plane pure shear: F ¼ k 1 e 1 e 1 þ k 2 e 2 e 2 þ k 3 e 3 e 3 with k 3 ¼ k 6 1, k 1 ¼ k À1 , and k 2 ¼ 1. Results are shown for compressibility ratios j 
Concluding remarks
In this work, we have derived a homogenization-based constitutive model for the overall mechanical behavior of elastomers reinforced with aligned cylindrical fibers subjected to large deformations, by means of the second-order homogenization method (Lopez-Pamies and Ponte Castañ eda, 2006a) . Although this method applies more generally, in this work, for relative simplicity, it has been applied to materials with generalized Neo-Hookean (matrix and fiber) phases and periodic distribution of fibers. Explicit results have been computed and discussed for fiber-reinforced compressible Gent elastomers with square and hexagonal distribution of fibers subjected to out-of-plane, in-plane and coupled in-plane and out-of-plane loading conditions. By incorporating finer details about the initial microstructural information, such as the fiber shape, orientation, and distribution, the proposed model exhibits orthotropic material symmetry distinguishing between fiber-and matrix-dominated modes of deformation. Indeed, as illustrated through various representative results, loading conditions that involve deformation in the fiber direction lead to much stiffer model responses than those that do not induce fiber deformation. In this connection, it has been shown that for fiber-dominated modes, the behavior of the fiber-reinforced elastomers-as predicted by the second-order method-is controlled primarily by the contrast between the (matrix and fiber) phases and the fiber volume fraction. On the other hand, for matrix-dominated modes of deformation, the overall material behavior is controlled by the in-plane distribution and volume fraction of the fibers-provided that the fibers are sufficiently stiffer than the elastomeric matrix phase.
Similar to other elastomeric systems subjected to finite deformations (see, e.g., Lopez-Pamies and Ponte Castañeda, 2006b; Lopez-Pamies and Ponte Castañ eda, in press-b; Michel et al., in press ), the predictions generated in this work indicate that the evolution of the underlying microstructure has a very significant and subtle effect on the mechanical response of fiber-reinforced elastomers. In this case, it has been observed that the evolution of the distribution of the fibers produces significant geometric stiffening/softening of the effective response of these materials. In particular, it has been observed that when neighboring fibers get closer together (farther apart) in a given direction, the effective incremental response of the material stiffens (softens) in that same direction. At the same time-and more importantly-neighboring fibers getting closer (farther) in a given direction do also lead to the softening (stiffening) of the effective incremental shear response of the material perpendicular to that direction. This latter behavior has been shown to have strong consequences for the macroscopic stability of fiber-reinforced elastomers.
Finally, it is important to emphasize that a major strength of the proposed constitutive model is that it can lose strong ellipticity-even in the case when the underlying matrix phase material and fibers are taken to be strongly elliptic-for loading conditions for which macroscopic instabilities are expected to occur from physical evidence (Kyriakides et al., 1995) and numerical simulations (Triantafyllidis et al., 2006) . More remarkably, the specific failure modes by which the estimate loses strong ellipticity depend very critically on the applied loading conditions. Thus, for out-of-plane loading conditions with compressive deformation in the fiber direction, the constitutive model loses strong ellipticity in a way that is consistent with the possible development of kink-band-type instabilities. On the other hand, for in-plane loading conditions, as well as for mixed in-plane and out-of-plane conditions with tensile deformation in the fiber direction, the constitutive model loses strong ellipticity in a way that is consistent with the breaking of the symmetries of the underlying, highly ordered, periodic microstructure.
(a) periodic square, and (b) periodic hexagonal arrangements of monodisperse, aligned cylindrical fibers with initially circular cross section (see Fig. 2 in the main body of the text).
A.1. Periodic square distribution
For the periodic square distribution, the base vectors A i (i = 1, 2, 3) in (24) are given by A 1 = de 1 ,A 2 = d e 2 ,A 3 = 1e 3 , so that expression (21) for P specializes to:
